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Abstract 

In this paper we examine the phase space structure of a noncanon- 
ical formulation of 4-dimensional gravity referred to as the Instanton 
representation of Plebanski gravity (IRPG). The typical Hamiltonian 
(symplectic) approach leads to an obstruction to the definition of a 
symplectic structure on the full phase space of the IRPG. We circum¬ 
vent this obstruction, using the Lagrange equations of motion, to find 
the appropriate generalization of the Poisson bracket. It is shown that 
the IRPG does not support a Poisson bracket except on the vector 
constraint surface. Yet there exists a fundamental bilinear operation 
on its phase space which produces the correct equations of motion 
and induces the correct transformation properties of the basic fields. 
This bilinear operation is known as the almost-Poisson bracket, which 
fails to satisfy the Jacobi identity and in this case also the condition 
of antisymmetry. We place these results into the overall context of 
nonsymplectic systems. 
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1 Introduction 


The physics literature is replete with examples of dynamical systems whose 
Hamiltonian formulations admit a symplectic structure [1], [2], In certain 
systems a symplectic structure is not available, and one may instead have to 
work with a residual Poisson structure if one exists. Such situations might 
occur when the phase space of the system is odd-dimensional, for example as 
in spin systems. For systems lacking a Poisson structure, another possibility 
is that they might exhibit an almost Poisson structure. An almost Poisson 
bracket satisfies all the usual properties of a Poisson bracket with the ex¬ 
ception of the Jacobi identity, which is an integrability condition. Almost 
Poisson structures in classical mechanics have had a long history, and typ¬ 
ically have been associated with systems having nonholonomic constraints 
[3], [4], [5]. Some examples of almost-Poisson systems include autoparallels 
on Riemann-Cartan spacetime [6], the Foucault pendulum and the rolling 
sphere, and a point particle coupled to a magnetic monopole [7]. 

In [10] a reformulation of gravity was introduced, referred to as the in- 
stanton representation of Plebanski gravity. The instanton representation, 
with starting action Iinst, uses a different set of variables than the conven¬ 
tional canonical descriptions of gravity. The purpose of the present paper 
is to classify the Poisson structure which governs the evolution equations 
of I Inst, aud to determine the fundamental bilinear operation on its phase 
space variables. A natural question is why one should want to study the 
structure of yet another formalism of gravity, when for instance one has 
the Ashtekar variables [8],[9] which provide a simple canonical structure. 
It has been shown in [10] that the evolution and constraint equations of 
Iinst contain comparatively few spatial derivatives acting on the Lagrange 
multiplier fields, which suggests that they could be more amenable to gauge¬ 
fixing procedures. Given this prospect, it makes sense to learn as much as 
possible about the internal structure of Iinst- In this paper we would like 
to determine what sort of symplectic structure Iinst possesses. But a first 
order of business will be to show that Iinst does indeed describe gravity for 
spacetimes of Pertov Types I, D and O. 

The results of this paper will show that the instanton representation 
can best be thought of as an almost-Poisson system. It is well-known that 
given a physical system with a complicated noncanonical structure, it is 
always possible to introduce auxiliary fields as necessary put the system 
into canonical form. But that is not the purpose of this paper. Rather, we 
would like to determine the correct structure of Iinst in terms of its original 
variables, without the introduction of auxiliary fields. The motivation comes 
from the need to verify that Iinst is an internally consistent, stand-alone 
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theory of gravity. 

The organization of this paper will be as follows. In section 2 we provide 
a basic review of Poisson brackets for symplectic manifolds. In section 3 we 
introduce the action for Ijnst and attempt to identify its Poisson structure. 
We find that the symplectic matrix, while nondegenerate, is too difficult to 
invert owing to the presence of spatial derivative operators which cannot be 
decoupled from the individual one forms in the wedge product. In order to 
obtain a well-defined symplectic two form where the derivatives are decou¬ 
pled, we must impose a constraint at the level of the starting action. But 
this makes the symplectic two form degenerate, leading to an impasse. 

In sections 4 and 5 we find the bilinear brackets directly by using the 
Lagrange equations for Ijnst-, regarded as more fundamental. In section 
7 we evaluate the brackets against the conditions required for a Poisson 
structure. The interpretation is that the action Iinst degenerates from a 
genuine symplectic structure into a Poisson structure which is not symplectic 
when the aformentioned constraint holds. The structure derived directly 
from the equations of motion, however, is not a Poisson structure since it 
fails to satisfy the condition of antisymmetry and the Jacobi identity. On 
the aforementioned constraint surface, this latter structure also becomes a 
Poisson structure which is not symplectic. Section 7 is a conclusion section, 
including directions for future research. 

Finally, prior to proceeding, possible extension of the formalism of this 
paper to third quantization as studied in [12],[13],[14],[15], [16], could con¬ 
stitute a basis for future potential research. 


2 Background and basic terminology 

Let M be a manifold and let f{M) denote the set of smooth functions on 
M. A bilinear bracket operation {,} from f{M) x /(M) —)■ f{M) satisfying 
the conditions of antisymmetry, bilinearity, the Leibniz rule and the Jacobi 
identity 

(i) Antisymmetry : {/,(/} = -{g,f}; (1) 

(ii) Bilinearity : {af + /3g,h} = a{f,h} + I3{g,h}, a, (5^0] (2) 

{in) Leibniz rule : {/, gh} = {/, g}h + g{f, h}; (3) 

(iu) Jacobi identity : {f,{g,h}}+{g,{hj}} + {h,{f,g}} = {) (4) 

is known as a Poisson bracket, and M is known as a Poisson manifold. Let 
where i = 1,2,... dim{M) be local coordinates on M. Then from the 
Poisson brackets one may define a Poisson tensor P with components 

{e,e} = p^^- ( 5 ) 
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The fundamental Poisson bracket (5) induces the following bracket between 
any two smooth functions f,g£ C°°{M) 


If „) = p«ik 89 


( 6 ) 


As a consequence of the Jacobi identity, the Poisson tensor must satisfy the 
following relation 


pikdP^^ 


^ pH 


dpjk 


ppij 


Qpki 

'W' 


= 0 . 


( 7 ) 


If dim{M) = 2n, e.g. M is of even dimension and if P is nondegenerate in 
the sense that Rank{P) = 2n, then there exists a fundamental two form 
on M such that = P~^. In local coordinates this is given by 


n = -nadC A 
2 


( 8 ) 


If dQ = 0, then this combined with the fact that is nondegenerate endows 
M with the structure of a symplectic manifold, and (8) is known as a sym- 
plectic two form. Note that the condition that be closed is equivalent to 
condition (7), which is due to the Jacobi identity. 

When one has a genuine symplectic manifold M, then one can define 
canonical transformations as the set of diffeomorphisms of M which pre¬ 
serves the symplectic two form 17. Such transformations are generated by 
vector fields X such that TxU = 0, where Lx is the Lie derivative of Ll in 
the direction of X. By Cartan’s magic formula we have 


Lxoj = d{ixLl) ix{dLl) = 0, (9) 

where ix denotes the interior product in the direction of X. When M is 
symplectic, then the symplectic 2 form 17 is closed, and dl7 = 0. From (9) 
this implies that d{ixLi) = 0, and for manifolds with trivial cohomology, the 
Poincare lemma implies that 

ixuj = df (10) 


for some function / on M. Hence, for symplectic manifolds there is a corre¬ 
spondence between functions / and vector fields X. 

However, if the bilinear operation {,} on M satisfies conditions (i), (ii) 
and (hi) but does not satisy condition (iv), the Jacobi identity, then {,} 
is known as an almost-Poisson bracket and M is an almost-Poisson mani¬ 
fold. For almost-Poisson manifolds, given that there is no closed symplectic 
2 form, the question arises as to whether there exists an analogous corre¬ 
spondence between phase space functions and vector fields in some suitable 
sense. We will relegate this question to [17].^ 
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For clarification, the brackets which we will derive for gravity will satisfy neither the 
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3 Ashtekar variables and the instanton represen¬ 
tation evolution equations 


Let M be a four dimensional spacetime manifold of topology M = S x i?, 
for some 3 dimensional spatial manifold S of a given topology. Then the 
action for General Relativity in the Ashtekar variables is given by [8], [9] 


I = 




d-^x 




iNV deter(A + R*(cj ^)“) 


where the phase space variables are a self-dual 50(3) gauge connection 
(with magnetic field R*) and a densitized triad a*. These phase space vari¬ 
ables (A“,a*) form a canonical pair, and the fields Aq,N^,N are auxiliary 
fields. 

The Lagrange equations of (11) consist of the constraints, 


SI 


= Act* = 0; 


SI 


SI 




— = ^/dit5(A + R:(5-l)“)=0, 


and the evolution equations for the dynamical variables 


if = - ziVV«Rj(5-i)f (5-i)f, 


( 12 ) 


(13) 


and 


5* = fabcalA^o + emjke^^'Dnia^^N’^) - (14) 

The canonical analysis of (11) has been treated in the literature. In this 
paper we will introduce a noncanonical formulation of gravity, which exhibits 
a new kind of Poisson structure. Let us perform the following transformation 


cr* = TaeA) detR, detT / 0 


(15) 


to a new set of variables. In this paper we will write down an action I[A, 'L] 
corresponding to the variables (Af, Tae) and determine its Poisson structure. 

It may be tempting to perform the substitution (15) at the level of the 
action (11). We will show that this procedure does in fact lead to the correct 
action by showing that the substitution (15) commutes with the equations 

condition of antisymmetry nor the Jacobi identity and do not meet the criteria of an 
almost-Poisson structure in the strict sense. We use the term almost-Poisson more-so in 
the context that the system starts as a non-Poisson system and in the end, when a certain 
constraint holds, becomes Poisson system. 

^For index conventions, symbols from the beginning of the Latin alphabet a,b,c,.. . 
refer to internal SO{3) indices, while those from the middle refer to spatial 

indices 


,( 11 ) 
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of motion. That is, implementing (15) at the level of the equations of motion 
derived from (11), which is defined on the phase space (yl“,d*), will yield 
the same equations as the equations of motion resulting from (15) made at 
the level of the action (11), transforming it into an action /[A, T], 

Substitution of (15) into (13) yields the following equation for on the 
phase space A, T 

= DiA^ + eijkBiN^ - ziV\/det5\/det^(T-iT-i)“'^(5-i)f (16) 

Now we will derive the evolution equation for T. Applying the Leibniz rule, 
the time derivative of (15) is given by 

5* = ^aeBl + ^ D,Al. (17) 

Substituting (13) into (17) we have^ 

d* = <^>aeBl + ^aee^^^D,[DkAl + e^muB^ - iiVx/dit5T,ei?^(5-')f(5-')^) 

= i>aeBl + ^aer^^BiAl + - iAf\/dit5T,ei?^(5-')f (5"^)^) (18) 

where we have used = f^^^B^A^, namely the definition of cur¬ 

vature as the commutator of two covariant derivatives. 

Next we will apply the Leibniz rule to the last terms of (18), bringing 
Tae into the large brackets and subtracting the remainder. This yields 

5 * = ^aeBl + ^aef^^BlAf, 

+D, [e^^’^ekmn-^aeB:rN^ " ie*^'"iV\/ditdT,,ilJ(d-i)f (J-i)))) 

(19) 

So we have two expressions for a®, namely (14) and (19), which we can set 
equal to each other. Using (15) in the middle line of (19) and in the first 
term of (14) and upon relabelling of indices, one sees that the second and 
third terms on the right hand side of (14) are the same as the middle line of 
(19). So cancelling these terms out, we are left with the following relation 

fabc^beBlA^O = i>aeBl + Ag 

- 5l5l)BTN^D,^ae + iNae- ( 20 ) 

Multiplying (20) by {B~^)f and rearranging, we get the following evolution 
equation for 'i/ag 

^ag = {fabc^bg + fgbc'^'ab) + ^Wj^ag " BiD,^ ae 

®We will substitute (15) near the end of the derivation, for convenience. 
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Having derived the evolution equations for and 'f'ae; we will now propose 
a starting action for GR based on these variables, as a point of departure 
for this paper. 


4 Poisson structure of Ijnst 

We propose the following first order action, referred to as the instanton 
representation of Plebanski gravity [10], as a starting action for GR based 
on the noncanonical variables (H“,'I'ae) 


I Inst 





- lV(detR)i/2Vdit^(A + , 


( 22 ) 


where A is the cosmological constant. The basic phase space variables are a 
50(3) connection and a three by three matrix 'ilae, taking its values in 
two copies of 50(3), and N, and Aq are auxiliary fields. 

Equation (22) is the result of substitution of (15) into (11) which is not, 
strictly speaking in general, a valid procedure.^ However, in this case the 
procedure works, which we will demonstrate by showing obtaining the same 
equations (12), (13) and (19) from the action (22). Ultimately in this paper, 
we would like to determine the intrinsic structure of (22). The equations of 
motion for the auxiliary fields, for (detR) / 0 and (det'k) / 0, imply 

BlD.^ae = 0; edae^ae = 0; A + tr^-^ = 0, (23) 

which are the same result of substituting (15) into the equations (12). In 
the next section we will show that this feature extends to the evolution 
equations. 

In this paper we will attempt to unravel the Poisson and symplectic 
structures of (22). The symplectic potential from (22) is given by 

Olnst = d^X^aeBiSAl (24) 

To find the symplectic 2-form we will proceed by first taking the 

exterior functional derivative of (24), yielding 

seinst= f d^xBi6^aeASA^+ f d^x^aee^^ D , {5 Al) A SA^ (25) 
Js ./s 

^This is because the Lagrange’s equations assume independent degrees of freedom. 
When a substitution is made at the level of the action, it is possible that degrees of 
freedom may be constrained, resulting in a different theory than the original action. 
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The first term of (25) is relatively straightforward to interpret. However the 
second term will yield a symplectic matrix with derivatives acting on SA'^. 
This could be problematic for finding the Poisson matrix, since one would 
need to invert a symplectic matrix containing differential operators, whose 
action moreover appears to be unclear. Let us average this term with its 
clone with indices relabelled a -H- e and i k. Hence the second term on 
the right hand side of (25) is the same as 


i ^ d^x^aee^^^D,{5Al) A i ^ 5Al A D,{5A^i), (26) 

where we have used the anticommutativity of one forms to anticommute 
Dj{5A^) to the right in the second term. Let us now decompose Tae = 
'^'(ae) + '^[ae] iiito its Symmetric and its antisymmetric parts. Then (26) 
splits into four terms 

i ^ d?x^^ae)e^^'^D,{5Al) A i ^ d^x^Al A Z),(<5H“) + Q,(27) 

where Q, which is linear in the antisymmetric part of is given by 


Q = 2 d^x^^ae]e^^^Dj{5Al) A d^x^iea]e^^^dAt A D.idA'}) 

= 11 d^x^^ae]e^^\D,{SA%) A 5A--6A% A D,{6Af)). {28) 


Using 'l'(ae) = 'l'(ea)) the first two terms of (27) can be combined via the 
Leibniz rule, followed by an integration by parts to transfer the derivatives 
from 5Af, A 5A^ onto '&(ae)-^ The result of this is a well-defined two form 

(29) 

where we have used anticommutativity of one forms. Using these results we 
can now write (25) in the following form 


dOlnst — ^Inst T bU, 


(30) 


where 


^Inst — I d X 


1 


A 5Af + A dAf 


W = J d^x 


A + -d/[,,]eT^(Z),.(<5H|) A SA^ - 5Al A D,{5A^)) 


.( 31 ) 


®In this paper we will always assume that all boundary terms can be discarded, either 
by suitable fall-off conditions at infinity for all fields or by restriction to spatial manifolds S 
having no boundary. While the latter case poses no obvious difficulty, note that the former 
case does not preserve the conditions det^',detB ^ 0, hence violating the equivalence to 
General Relativity at infinity. This is not an issue for A, within the bulk of spacetime. 
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Note that ^inst has the clear interpretation as a symplectic two form on the 
phase space whereas it appears difficult or impossible to decouple 

the spatial derivatives from the one forms 5A in W . 

If one is able to invert the symplectic matrix, then one could deduce the 
Poisson brackets for Ijnst- But the contribution due to W is ill-defined owing 
to these derivatives. By choosing '^[ae] = 0 at the level of the action (22), 
then we have W = 0 and are left with a symplectic matrix with components® 


^ij{x,y) 


-SabBl 
SceB) 0 




b[ae] 0 


which is clearly well-defined. 

The original phase space T[^st was of dimension 9 -|- 9 = 18 which is 
even. But upon implementation of '^[ae] = 0; which incidentally is the 
vector constraint, the middle equation of (23), then has three fewer 
degrees of freedom compared to and the phase space dimension becomes 
9 -|- 6 = 15 which is odd. So it would be more appropriate at this stage to 
classify the manifold A,'^ as a Poisson manifold which is not symplectic, 
since the matrix is now degenerate. One possibility is to attempt to 
reduce the system, e.g. by some sort of gauge-fixing mechanism reduce the 
connection Af by three degrees of freedom to get a phase space of dimension 
6-|-6 = 12. However we will postpone that approach for future research once 
further developed. Since it is really the bilinear brackets that we are after, 
then we will rather find them more directly by appealing to the Lagrange 
equations for Ijnst, which are more straightforward to find. Then we can 
determine, in retrospect, the precise nature of the true symplectic matrix if 
one exists. 


5 Lagrange’s equations of motion 

The system defined by the action (22) is noncanonical since ^ae is not the 
momentum conjugate to A^. We would like to determine their Poisson 
brackets but the symplectic matrix O/j is degenerate for ^[ae] = 0- Off 
the constraint surface, we will describe (22) analogously to a Hamiltonian 
system since using the Lagrange equations, we will be able to deduce A^ 
directly. In the spirit of [11], we can generalize the Poisson bracket as 
necessary to produce these equations. Assuming that the resulting Poisson 
matrix is invertible, then we can invert it and find the symplectic matrix 

®The factor of | has been extracted as in the definition of two forms. 



indirectly.^ First let us re-write the action by integrating (22) by parts 


hnst = I dtj^d^x - eijkBiN^) 

-iV(detB)i/Vdet^(A + tr^"^) 

Then the Lagrange equation of motion for is given by 

d I Inst 


(32) 


6^0 


= Bi{FSi - eijkBiN^) + iV(detB)^/VdetT(T-iT-i)“ = 0, (33) 


which we will intepret as an evolution equation for Af. Left-multiplication 
hy B~^ yields 


Foi - eijkBiN^ + iV(det5)i/VdetT(.B-^)f(T-iT-i)“ = 0. (34) 

Next, we will find the Lagrange equation for The contribution from the 
i^gFg- term, after the appropriate integrations by parts, is given by 



= e^^W^i^adFSi) - - /''“Ag(T,gi3g™). (35) 


The contributions from the V[N] and H[N] terms will be directly propor¬ 
tional to the V and H constraints and their spatial derivatives and therefore 
vanish on the constraint surface.® The desired equation of motion is then 
the vanishing of (35). Note, using the relation D^Va = d^Va + fabc^oVc, 
that we can combine the last two terms of (35) into a temporal covariant 
derivative, hence an equation of motion 


e^^Wji^adFSi) + Doi^deB:^) = 0. (36) 


Let us expand (36) using the Leibniz rule 

e^^HDj^ad)FSi + e^^^^adDjFS, + {Do^de)B:^ + ^deDoB^ = 0. (37) 

To put (37) into a more transparent form it will be convenient to recall the 
Bianchi identity which splits into temporal and spatial components 

= 0 ^ D,Bl = 0; D^Bl = (38) 

’^This is mainly for comparison purposes with Qij from the previous section. Upon 
finding the brackets themselves, we will have achieved the main aim of this paper. 

®It must subsequently be shown that these constraints form a closed algebra, an exercise 
which we will relegate to the second paper in this series [17]. 
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Substituting the second Bianchi identity of (38) into the last term of (37) 
and relabelling /c —)■ i on this term (and relabelling a ^ e on the first term, 
we get 

{Do^ae)BT + + ('h^e - = 0. (39) 

Then using the definition and multiplying by B~^, equation 

(39) then becomes 

Z^o'hae + (40) 

It is satisfactory to implement the constraints at the level after, and not 
before, applying the equations of motion. Therefore we will set the right 
hand side of (40) to zero, via the vector constraint. 


6 Fundamental brackets of the basic fields 

We will now determine the basic brackets for and Af using their La¬ 
grange’s equations of motion. Prior to proceeding we will make the replace¬ 
ment 'h(ae) ^ae as a Weak equality.® So (34) and (40), repeated here for 
completeness, will form the starting point 

FSi - eijkBiN^ + iV(det5)i/Vdet^(B-i)f(T-iT-i)“ = 0; 

Do'hae = -F^HB-^TiF^^Dk'fag. (41) 

The first line of (41) is an evolution equation for To obtain an evolution 
equation for 'I'ae we substitute Fqj from the first equation into the second 
equation, which yields 

Do'kae = -F^HB-^)tej^nB^N^Dk'i'ag 
+N{detB)B^Vdet^F^^{B-^)l{B-^y- Dk^ag- (42) 

Using epsilon identities and the definition of determinants, we have 

Do^ae = -{Si5l - 5':,5l){B-^)lB;;^N^Dk^ag 

+N{detB)-^/^e^^^{^-^d>-y>^B^Dk^a9 

= -N\B-^)tB^gDk^ag + N^Dk^ae + iV(deti?)-i/2e-/<^(^-ivI,-i)/^^BfcZ)fc'k„g. (43) 

Note that the first term on the right hand side of (43) is directly proportional 
to the Gauss’ constraint, which we will set weakly to zero. Using the relation 

Do'^ae = 4'ae + ^0 {fabc^ce + febc^ac), (44) 

®This will be for calculational convenience of what follows. This step will be justihed 
in the end when we show that ^[ae\ = 0 is preserved under time evolution. 
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then we can separate the part of (43) containing from the remaining 
part, which involves a gauge transformation with parameter ^g. The result 
is that the Lagrange equations for (22) imply the evolution equations 

if = DiA^ + eijkBiN^ - fV(detB)^/VdetT(5-^)f(T-^T-^)'’“; 

^ae — ^o(/<ifcc'hce T febc^ac) T ^ ae 

+N{detBy/‘^Vd^[{detB)-^e^f'^{'i>-^'I>-y^B^Dk'i>ab] ■ (45) 

Comparison of (45) with (13) and (19) confirms that (22) is indeed an action 
for GR for (detR) and (detT) nonzero. Note that the second equation of 
(45) is valid if and only if 4'[ae] = 0) the consistency of which we can check by 
examining its antisymmetric part. Contracting this equation with €gae yields 
Cgae^ae for the left hand side. The right hand side splits into two terms which 
we will in turn analyse. The term dk{e-gae^ae) in the covariant derivative 
is automatically zero when is zero. The antisymmetric part of all the 
gauge transformation terms is of the form (defining if = A^ — N^Af) 

^dae (/afec'h ce + febc^ ac) V 

= {{SebSdc - Sec5db)^ce + fbd^ca “ hJcd)^ac)rf’ = (46) 

which is also antisymmetric. This leaves remaining the term involving N, 
whose antisymmetric part up to multiplicative factors is 

= (47) 

Note that the first term on the right hand side of (47) is directly proportional 
to the Gauss’ constraint. The second term can be written as 

= R^4(A + trT-i) (48) 

when Tae is symmetric. Note that we have appended A as a constant of spa¬ 
tial integration. This permits the identification of the covariant derivative 
with the spatial derivative of the Hamiltonian constraint which is a gauge 
scalar. This term also vanishes on-shell. The result is that the previous ma¬ 
nipulations involving ^[ae] are valid when all initial value constraints hold, 
namely on the constraint surface. 

We have obtained time evolution equations (45) without the use of Pois¬ 
son brackets. Using these results, we can deduce what the appropriate 
brackets should be. It will suffice to deduce them using the evolution in¬ 
duced solely by the Hamiltonian constraint. These are given weakly by 

divAf = {AfH[N]Y = -iV(detH)foVdetT(T-^T-^)^'’{Af,T6g}*; 
6N^ae = {'i>ae,H[N]}* = - N {detBf/^ {d/ae, ^ bf}* ■ (49) 
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Using the fact that the brackets between components of the connection are 
zero (since there were no A (5'k terms in the previous attempt to define 
a symplectic matrix) and by comparison of (49) with the N terms of (45), 
we can read off the following fundamental brackets, assuming that the chain 
rule holds, 

{Atix),A^^iy)r = 0; {^“(x),'kfee(?/)}* = 5fe“(i?-'(y))f5® (x, y); 

{^ae(x), ^bf{y)r = -eefg{BlDi^ab){detB)-\ (50) 

There are a few observations that can be made regarding (50). First, note 
that the relations between A and T are noncanonical due to the factor of 
B~^, which inherits its coordinate dependence from T. Secondly, while 
{A, A}* = 0, it happens that {T,'k}* is in general nonzero. Thirdly, the 
relations might be modifiable by an aribtrary term whose contraction with 
is zero. So we do not necessarily claim that (50) are the unique 
relations. However they do appear to be the simplest relations consistent 
with the Hamiltonian constraint part of the Lagrange’s equations, and in 
this paper we will use them as a starting result. 

The remainder of this paper will be devoted to performing various consis¬ 
tency checks on (50). We have already obtained (50) via transformations of 
the basic variables under evolution generated by the Hamiltonian constraint 
H, and one can similarly read off from (45) the transformations under the 
Gauss’ law and vector constraints G and 


7 Consistency checks of the brackets 

We have deduced a bilinear bracket operation which produces the correct 
Lagrange equations for Ijnst and induces the correct behavior of the basic 
fields under transformations generated by the initial value constraints. Our 
remaining task is to assess the Poisson structure, if any, for Ijnst- The basic 
relations are repeated here for continuity 

{A‘{x),A){y)Y = 0 ; {A‘(x),Al,,{ij)Y = 

We will check (51) against the properties of the Poisson bracket and verify 
which requirements are satisfied. 

more robust check would be to show that there is no contradiction between these 
transformations and (50). It is shown in Appendix A that this is indeed the case, namely 
that (50), and (50) alone, are sufficient to fix the correct transformation properties of 
under G and V. This demonstration additionally provides the opportunity to 
verify that the brackets satisfy the Leibniz rule, which is used repeatedly. 
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The condition of bilinearity can be taken to be self-evident from the 
manipulations of this paper thus far. The condition of antisymmetry is 
trivially satisfied for the first two relations of (51), which leaves the third 
relation. Let us perform the relabelling 6 -H- c and / -H- s' on these latter 
terms 

{■i^cgix),^bfiy)r = (52) 

The sum of (52) and the third relation of (51) is whereas for 

Poisson brackets this sum must vanish. This implies that we must have 
Dj^[bc] = 0, which holds on the constraint surface, (ii) The Leibniz rule 
has already been verified in checking the transformation properties of A, T 
in Appendix A. (hi) This leaves remaining the Jacobi identity. Checking it 
directly would be tedious, and so we will rather proceed by relation to the 
analogously associated symplectic structure as follows. 

First we will use the relations (51) to construct a matrix , given by 

{A^,AIY {AYd^bf}* \ 

{d^ae,d>bfr J 

0 st{B-Y! 

-{detB)-YefgBYDmd'ab 

Then the strategy is to find and see to which extent this defines a 

symplectic matrix ft. This can be found via a relation of the form 

f 0 /? V'= r ^ 

\-(5 a ) V r' 0 ; ’ 

where /3 and ol are block nine by nine matrices, with det/3 Y 0- Using this 
relation, then we have 






S^B} 

^cBe 0 


jU)(x,?/), 


where the upper left block matrix comes from the relation 

= -{detB)B':{eefgBYDmd>ab)B} = (53) 

We can then construct a 2-form P~^ = ^{P~^)ijSY A 6^'^ by contraction 
with two-forms 


= 


Px 


A^'=(Zl,T,fe)M“ A SAl - 5lB)5A^i A 


Bl6d!, 


^5A 
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5^0 



If P ^ defines a symplectic 2-form, then we must have 5P ^ = 0. Taking 
the exterior derivative of (54), we have 


5P-^ = - 


d^x 


Jjk 


A 6Al 


+e^^%fadc^ce + fedc^ac)SAi A A 5Al 
+2e^^'^Dj{SAl) A 6^ae A 6A, 


(55) 


where we have used the Leibniz rule acting on the covariant derivative. The 
second term of (55) is a sum of terms of the form 

5A^;l A 6Af A + 6A^; A 5Ai A 5A^ = 0 (56) 

which vanishes due to antisymmetry. Splitting the last term of (55) into its 
clones with k ^ i and a -H- e on the second term, then (55) reduces to 



A e^^^Dj{6A'} A 5AI) + e^^^Dj{SA%) A S^ae A 5A'} 


+e^^*T>j(M“) A 6^ea A 5Al 


(57) 


Separating ^ (ae) + [ea] iiito its symmetric and antisymmetric com¬ 

ponents we see that the contribution to (57) proportional to '^(ae) cancels 
out. This is nothing other than d^ljnst = 0 with ^inst as in (31), which is 
true since kljnst is the exterior derivative of the one form Oinst restricted to 
symmetric So we are left with the contribution due to given by 


6P-^ 



(P,<5'L[,g]) A 5A- A 5A% + 2D, {SAD A ,5T[„g] A 


r.(58) 


The remainder r depends on the antisymmetric part of which is not zero 
except on the V constraint surface. Since 5P~^ is not zero off the constraint 
surface, then this means that the Jacobi identity (hi) does not hold for (51) 
off the constraint surface, and we do not have a Poisson structure, but rather 
an almost Poisson structure. When 41'[„g] = 0, then the almost Poisson 
structure reduces to a Poisson structure which is not symplectic. This is 
because the dimension of the resulting phase space becomes 6-1-9 = 15 
which is not even. 


8 Conclusion and future research 

We have acquired some insight into the geometric structure of the instanton 
representation of Plebanski gravity I/nstj an action for gravity based on 

the condition S^flinst = 0 holds by construction. 
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the noncanonical variables 'I'ae and Af. While Ijnst does not exhibit a 
symplectic structure on its full phase space, we have shown the following. 

(i) The fundamental brackets (50) produce the correct Lagrange’s equations 
modulo terms proportional to the initial value constraints and their spatial 
derivatives, which vanish on the constraint surface. This confirms that (22) 
is indeed a stand-alone action for GR based upon the variables '^ae,A^. 

(ii) We have checked that these brackets correctly reproduce the required 
transformation properties of the variables and under transformations 
generated by the initial value constraints, (iii) The geometric structure of 
Iinst can be categorized as an almost-Poisson structure which becomes a 
Poisson structure on the constraint surface of the vector constraint. Since 
the main results of this paper have been obtained modulo the initial value 
constraints and their spatial derivatives, it will be necessary to check that 
the constraints in the variables of Ijnst have a closed Poisson (or perhaps 
more appropriately, almost-Poisson) algebra. It has been shown in [10] that 
the initial value constrants are preserved under evolution by the Lagrange 
equations of motion. This task we relegate to the next paper [17], since it 
was the aim of the present paper merely to determine what the fundamental 
brackets are. 


9 Appendix A: Transformation properties of the 
basic fields 

9.1 SO(3,C) gauge-transformations 

We will first verify the transformation properties of the basic fields induced 
by the noncanonical brackets ((50), under transformations generated by the 
smeared Gauss’ law constraint 

G[e] = - j (59) 

For transformations generated by (59) we have 

J s 

= f d^yBj{y){D]e\yM{B-\y)){5^^\x,y) = D,e-{x) (60) 

t/ s 

where we have used (50) in the last line. The connection transforms as a 
gauge potential, which leads to the conclusion that G\9] is the generator of 
gauge transformations parametrized by 
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To reaffirm this, we will verify the transformation properties of Tae in¬ 
duced by (50). This is given by 

J^d^y0-{y)Bl{y)Dy^ae{y)r 

= ^ d^ye%y){^hf{x), Tae(y) 

+ l^d^ye-{y)Bliy){^,fix), Af{y)r{fadc^M + fed.^aciy)) 

+ ^ d^y9’>{y)Bliy)DU{'i>bfix), ^aeiy)}*) (61) 

where we have used the Leibniz rule. Equation (61) consists three terms 
which we will evaluate in turn, using (50) in conjunction with the appropriate 
integration by parts. The first term on the right hand side of (61) can be 
written as 

l^d^ye%y)e^^-DU^,fix),At,iy)rDy^aeiy) 

= - l^d^ye%y)e^^-Dy^i6tiB-\x))fj^^\x,y))Dy^M^ (62) 

We must integrate (62) by parts with respect to y, which gets rid of the 
minus sign arising from the relations (50). Note, as a general rule, that the 
B~^ from (22) should be immune to differentiation, since it inherits its x 
dependence from Tbj(a;). Also, the covariant derivative can act only on 
quantities which depend only on y. So upon integrating the delta function 
and relabelling index m ^ k, equation (62) yields 

iB-\x))iJ^d^y^y’^Dyie'^iy)Dy-i^abiy))S^^Hx,y) = (il-i){ll,(e'^'=r A'haf,).(63) 

The second term on the right hand side of (61), using (50), is 

- d^y^''{y)Bl{y){^b{B~^{x))l (x, y)) ifadc^ceiy) + fedc^ady)) 

= -0'^{fabc^cf + ffbc^ac) (64) 

where we have relabelled e -H- / and d -H- 6 on the second term. From 
the third term of (61) there is a cancellation of one minus sign from the 
{T, T} relations of (50) with another minus sign from the integration by 
parts. Then applying the Bianchi identity = 0, we have 

J^d^y{Bliy)Dp‘^{y))efegiBl{x)D^^baix)idetBix))~^S^^'>ix,y) 

= e^ydB-dliD^ed{Dg^ba), (65) 
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where we have also used the property of determinants of 3 by 3 matrices. 
Combining the results of (63), (64) and (65) we have 

- e^ifabc'fcf + ffbc'i’ac) 

-O^ifabc^cf + ffbc-^ac) + ){ (A0“) (1?,'hfea) (66) 

where we have used the Leibniz rule on the first term. A useful relation is 
the definition of curvature as the commutator of covariant derivatives 

e^^^D.DkVa = fabcBivc] e^^’^D.Dk^ab = B^ (/a^c^cf, + fbgc'i'ac) ■ (67) 

Equation (67) tacitly assumes that 'Lae behaves as a SO{3,C) tensor of 
second rank, which is what we are attempting to prove in the first place. 
This assumption will have been justified by the fact that it will not lead to 
any contradictions in the final result. Applying (67) to the second term on 
the right hand side of (66), we have 

= e^^’^{B-^)i{D,9^)Dj{-ifba - 'Lafe) 

-^“(/a/c'Lcfe + fbfc^ac + fabc'^cf + ffbc^ac)- (68) 

The first term of (68) involves the antisymmetric part of ^ab and its deriva¬ 
tives, which vanishes on the constraint surface. Also, the second and fourth 
terms in brackets multiplying 0“ cancel, yielding —Sg'^bj = 26^f(^j,ac'^cf) 
which is the correct transformation property of a second-rank SO{3,C) * 
SO{3,C) tensor under SO{3,C) transformations. Including (60), we see 
that the transformation properties of the basic fields generated by Gauss’ 
law induced by the relations (50) are 

= -0“ {fbac^cf + ffac^cb) • (69) 

The connection A“ transforms as a gauge potential and 'Lae transforms as 
a second-rank SO{3,C) tensor, justifying (67). Hence we have justifiably 
referred to G as the Gauss’ law constraint, the generator of SO{3,C) gauge 
transformations of the basic fields. In order for the correct SO{3,C) trans¬ 
formation properties to be obtained then the Leibniz rule, which we have 
used several times in this section, must have been valid for brackets (50). 


9.2 Spatial diffeomorphisms 

We will now establish the transformation properties of the basic variables 
generated by the smeared vector constraint 

V[N] = d^yeijkN^BiB’l^ae. (70) 
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as induced by the relations (50). For the connection we have 


5f^At{x) = {At{x), j^d\e,,uN\y)Bl{y)B':{y)^ae{y)r 
= lj^yN\y)Biiy)B^,{y){Ai{x),^ae{y)r 

= 5i{B-\x))%, jj^ye,,uN\y)Bi{y)Bl{y)5^^^ = (71) 

Equation (71) is not strictly speaking a spatial diffeomorphism, but rather 
a spatial diffeomorphism with parameter A^® corrected by a 50(3, C) gauge 
transformation with field-dependent parameter = N^A^. 

Let us now move on to the transformation of ^bf- This is given by 

^N^bfix) = {'^bfix), J^d^yeijkN\y)Bi{y)B’^{y)^aeiy)}* 

= e,,kN\y){^bfix),Bi{y)rB^,{y)^i>ae 

+eijkN\y)Biiy){^bf{x),B^,{y)r^ae{y) + eijkN\y)Bi{y)B^,{y){^bf{x),'fae{y)r{72) 
where we have applied the Leibniz rule. Proceeding along, we have 

jj\N\y) e,,ke^^^Dy^{^bf{x),Al{y)y^ae{y) 

+S^(y)efcmnO)(,{T,j(x),A“(y)}*T„e(y) + e,,fci3|'(y)S,"(y){'I/„/(x),^ae(y)}* -(73) 

Then applying the relations (50), integrating by parts and the use of epsilon 
identities,(73) becomes 

(73-'){(C<^*” - 5T5l)D^{N^B^,^ab) 

+ {B-^yn{5T5^ - 5f5^)D^{N^Bi^be) - N\B-yiedeaefegByD^^>ba 
= {B-^yDm{N^By^,b - N^B2^,b + N^B^^ibe - N^B^^be) 

-N\B-yi{5df5ag - 6dg5af)ByDm^ba 
= 4(5-1 )7o^(iV[-il™lvI/[,,]) _ N\B-y{B^Dm'l’ba + (74) 

The first and second terms on the right hand side of (74) are proportional to 
the V and G constraints. So on the constraint surface, the transformation 
reduces to the last term which is a spatial diffeomorphism parametrized by 
N^, corrected by a gauge transformation with field-dependent parameter 
N^Af. So we have the following results 

S^A'} = eijkBiN^; = N’^Dk^bf- (75) 

®^Recal that the factor from the {A, I*} relation inherits its x dependence from 
and thereform should remain undifferentiated by D^. 
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The basic variables transform as expected under the vector constraint, namely 
via spatial diffeomorphism corrected by a SO{3, C) gauge transformation 
with field-dependent parameter r/® = N^A'^. This confirms the predictions 
from the Lagrange equations. 
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